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Abstract
Ghost condensates of dimension two are analysed in pure SU(N)
Yang-Mills theories by combining the local composite operators tech-
nique with the algebraic BRST renormalization.
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1 Introduction
The understanding of the nonperturbative effects which govern the infrared
behavior of Yang-Mills theory is one of the most challenging issues in quan-
tum field theory. Lattice results have provided evidences of the fact that the
infrared regime of the theory is very different from the ultraviolet one, as
expected by the asymptotic freedom. Simulations of the gluon propagator
in the Landau gauge [1] and in the maximal Abelian gauge [2] display an
infrared behavior compatible with the existence of a mass gap. Attempts
to explain this behavior in the continuum have been given by taking into
account Gribov’s ambiguities and by using the Schwinger-Dyson equations,
see for instance refs.[3, 4] for recent work on the subject. Nonperturbative
effects are also at the origin of the existence of the quark condensate 〈qq〉,
responsible for the spontaneous breaking of the chiral symmetry, and of the
pure gluon condensate 〈αF 2〉.
Recently, much effort has been devoted to the study of condensates of
dimension two built up with gauge fields and Faddeev-Popov ghosts. For
instance, the gauge condensate 〈A2〉 has a physical meaning in the Landau
gauge [5, 6]. It plays a pivotal role in order to account for the discrepancy
recently observed between the expected behavior of perturbation theory and
the lattice results of the two and three point functions in the Landau gauge
[7, 8]. An effective potential for this condensate has been obtained in [9]
by using the local composite operators (LCO) technique [10, 11]. This result
shows that the vacuum of pure Yang-Mills theory favors a nonvanishing value
of this condensate, which gives rise to a mass term for the gluons while con-
tributing to the dimension four condensate 〈αF 2〉 through the trace anomaly.
Furthermore, as shown in the case of the compact QED in 3D, the conden-
sate 〈A2〉 turns out to have a topological meaning [5], being argued to be
suitable for detecting the presence of monopole configurations. A discussion
of the relevance of 〈A2〉 for confinement may be found in [12].
In addition to the gauge condensate 〈A2〉, the ghost-antighost conden-
sates 〈cc〉, 〈cc〉 and 〈cc〉 have also received great attention [13, 14, 15, 16, 17]
in the context of the maximal Abelian gauge. This gauge, introduced in
[18, 19], has provided evidences for monopoles condensation as well as for
the Abelian dominance hypothesis [18, 20], which are key ingredients for the
dual superconductivity mechanism of color confinement [21, 18]. An impor-
tant point to be noted here is that the maximal Abelian gauge is nonlinear.
As a consequence, a quartic ghost interaction term must be necessarily in-
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cluded for renormalizability [22, 23]. This term gives rise to a nontrivial
vacuum, corresponding to the existence of the aforementioned ghost conden-
sates, which display rather interesting features. They modify the behavior of
the ghost propagator in the infrared region [13, 14, 15] and lower the vacuum
energy density, being interpreted as a low-energy manifestation of the trace
anomaly [13, 14]. Furthermore, 〈cc〉 is believed to be part of a more general
dimension two condensate, namely
(
1
2
〈AA〉 − ξ 〈cc〉
)
, where ξ denotes the
gauge parameter of the maximal Abelian gauge. This condensate has been
proposed in [24] due to the property of being on-shell BRST invariant, and it
is expected to provide effective masses for both off-diagonal gauge and ghost
fields [24, 16], thus playing an important role for the Abelian dominance. It
is worth remarking that the ghost condensates do not show up only in the
maximal Abelian gauge, being present indeed in other nonlinear gauges as,
for instance the so called Curci-Ferrari gauge [25, 26, 27]. Also, the effective
potential for the ghost-gluon condensate
(
1
2
〈AA〉 − ξ 〈cc〉
)
in this gauge has
recently been obtained [28].
The aim of this work is to analyze the ghost condensates in the Landau
gauge. Although in this gauge there is no quartic ghost interaction, these
condensates can be studied by means of the LCO technique, as improved by
[10, 11]. In particular, by combining the LCO technique with the BRST al-
gebraic renormalization [29], we shall be able to obtain the effective potential
for 〈cc〉 and 〈cc〉. This result may signal a deeper physical meaning of these
condensates.
The LCO formalism allows to obtain in a consistent way the effective
potential for local composite operators. The method consists of introducing
in the starting action the set of local composite operators to be studied cou-
pled to suitable external sources. However, one has to be sure that all needed
counterterms have been included. This requires the introduction of countert-
erms quadratic in the external sources. As shown in [10, 11], these quadratic
terms can be dealt with by introducing a Hubbard-Stratonovich transforma-
tion allowing to obtain a renormalizable effective potential which is linear in
the external sources, being thus compatible with the density energy interpre-
tation of the effective potential. The method has already been successfully
applied to the Gross-Neveu model [10] and to the λφ4 and Coleman-Weinberg
models [11]. In the latter case, a manifest gauge invariant two-loop effective
potential has been obtained, according to the Nielsen identities.
It is worth underlining here that the LCO technique can be combined
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with the BRST algebraic renormalization [29] in order to obtain all needed
counterterms. The algebraic renormalization allows indeed to write down a
suitable set of Ward identities which determine, to all orders of perturbation
theory, the most general counterterm depending on the fields and external
sources needed for the renormalizability of a given set of local composite
operators.
The paper is organized as follows. In Sect.2 we give a brief review of
the LCO technique in the case of the condensate 〈A2〉 for Yang-Mills in the
Landau gauge. This example will allow us to show how the algebraic renor-
malization can be combined with the LCO method to provide a very powerful
framework for the analysis of the effective potential. Sect.3 is devoted to the
study of the ghost condensates 〈cc〉 and 〈cc〉 . In Sect.4 we present the con-
clusions.
2 The LCO technique for the gauge conden-
sate
〈
AaµA
µa
〉
Let us begin with a brief review of the LCO technique [10, 11] in the case of
the evaluation of the effective potential for the gauge condensate
〈
AaµA
µa
〉
in the Landau gauge [9]. It is known that we can give a meaning to the
local composite operator AaµA
µa in the Landau gauge. Indeed, due to the
transversality condition ∂µA
µa = 0, the integrated mass dimension two oper-
ator
∫
d4xAaµA
µa is gauge invariant. It makes sense therefore to look at the
condensate
〈
AaµA
µa
〉
in the Landau gauge.
In order to evaluate the effective potential for AaµA
µa we introduce it in
the starting action by means of an external source j(x) of ghost number zero
and dimension two [9], namely
SYM + Sgf +
∫
d4x
1
2
jAaµA
µa , (1)
where
SYM = −1
4
∫
d4xF aµνF aµν , (2)
Sgf =
∫
d4x (ba∂µA
µa + ca∂µ (Dµc)
a) ,
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and
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν , (3)
(Dµc)
a = ∂µc
a + gfabcAbµc
c .
As it is well known, the gauge fixed action (SYM + Sgf) is left invariant by
the BRST nilpotent transformations
sAaµ = − (Dµc)a , sca =
g
2
fabccbcc , (4)
sca = ba , sba = 0 .
However, before starting the computation, one has to be sure that the action
(1) contains all needed counterterms. In other words we have to start with
the most general action compatible with the invariances of the model and
with the power-counting. Observe also that expression (1) with the inclusion
of the coupling jA2 is renormalizable by power-counting. The search for the
most general action is easily handled by using the algebraic renormalization
[29]. This will be the task of the next section.
2.1 BRST characterization of the most general coun-
terterm
In order to characterize the most general action, including all needed coun-
terterms, we proceed by introducing a BRST doublet [29, 30] of external
sources (j(x), λ(x)), according to
sλ = j , sj = 0 , (5)
where λ is an external source of dimension one and ghost number -1.
j λ
Gh. number 0 -1
Dimension 2 1
It is apparent then that the quantity
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SLCO = s
∫
d4x
(
λ
A2
2
+
ς
2
λj
)
=
∫
d4x
(
1
2
jAaµA
µa + λAaµ∂
µca +
ς
2
j2
)
,
(6)
is BRST invariant. The meaning of the external source λ(x) is also clear; it
defines the composite operator Aaµ∂
µca which is the BRST variation of A2/2.
Observe also that the BRST invariance and the power-counting naturally
allow for the term j2 = s(λj). According now to [9, 10, 11], the parameter
ς will be fixed by demanding that it depends on the gauge coupling, namely
ς = ς(g). The dependence of ς from g can be computed order by order in
the loop expansion
ς(g) = ς0 + h¯ς1 + h¯
2ς2 + ... (7)
and is obtained from the renormalization group equations [9, 10, 11]. This is
a highly nontrivial requirement, which enables the LCO technique to capture
nonperturbative effects [9, 10, 11]. In particular, the lowest order coefficient ς0
plays a fundamental role in order to obtain a nontrivial vacuum configuration
for 〈A2〉. In fact, as shown in [9], this coefficient is scheme independent1 and
carries nonperturbative information, allowing for a nonvanishing value of
〈A2〉.
Let us turn now to write down the Ward identities which will ensure
the renormalizability of the model. We begin by observing that the action
(SYM + Sgf + SLCO) is invariant under the BRST transformations (4) , (5)
s (SYM + Sgf + SLCO) = 0 . (8)
Introducing also the external BRST invariant sources
(
Ωaµ, L
a
)
coupled to
the nonlinear variations of the fields Aaµ and c
a [29]
Sext =
∫
d4x
(
−Ωaµ (Dµc)a + La g
2
fabccbcc
)
, (9)
it turns out that the complete action
Σ = SYM + Sgf + SLCO + Sext , (10)
obeys the following identities [29]
1We are indebted to D. Dudal for many valuable discussions on this important point.
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• the Slavnov-Taylor identity
S(Σ) = 0 , (11)
S(Σ) =
∫
d4x
(
δΣ
δAaµ
δΣ
δΩaµ
+
δΣ
δca
δΣ
δLa
+ ba
δΣ
δca
+ j
δΣ
δλ
)
,
• the Landau gauge condition and the antighost equation
δΣ
δba
= ∂µA
µa ,
δΣ
δca
+ ∂µ
δΣ
δΩaµ
= 0 , (12)
• the linearly broken integrated ghost equation Ward identity
∫
d4x
(
δΣ
δca
+ gfabccb
δΣ
δbc
)
= ∆acl , (13)
where ∆acl is the classical breaking
∆acl =
∫
d4x
(
gfabcΩbµAcµ − gfabcLbcc
)
. (14)
We underline that the ghost equation Ward identity (13) is an impor-
tant feature of the Landau gauge, which has allowed for an algebraic
proof of several nonrenormalization results [31].
Let us now look at the most general counterterm depending on the ex-
ternal sources (j, λ) . Taking into account that (j, λ) form a BRST doublet,
it turns out that the most general expression depending on (j, λ) with ghost
number zero and dimension four is
ScountLCO = s
∫
d4x
(
a1λ
A2
2
+
a2
2
λj + a3λc
aca
)
(15)
=
∫
d4x
(
a1j
A2
2
+ a1λA
a
µ∂
µca +
a2
2
j2 + a3jc
aca
−a3λbaca + a3
2
λcafabccbcc
)
.
However, a3 = 0 due to the Landau ghost equation Ward identity (13) and
to the gauge fixing condition and antighost equation (12). Thus
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ScountLCO =
∫
d4x
(
a1j
A2
2
+ a1λA
a
µ∂
µca +
a2
2
j2
)
, (16)
which has precisely the same form as SLCO. The coefficient a1 is related to the
renormalization of the source j and therefore to the renormalization of the
local operator A2. The coefficient a2 can be associated to a renormalization
of the parameter ς. Its physical meaning is that of taking into account
the divergences which appear in the correlator 〈A2(x)A2(y)〉 [9]. Finally we
observe that, as expected by BRST invariance, the renormalization of the
operator Aaµ∂
µca is related to that of A2. Having characterized the most
general local counterterm depending on the external sources (j, λ), we are
now ready to evaluate the one-loop effective potential for the condensate
〈A2〉.
2.2 The effective potential for
〈
A2
〉
The first step in order to study the condensate 〈A2〉 is to analyse the gener-
ating functionalW(j). Setting thus to zero the external sources Ωaµ, La, λ, we
have
exp iW(j) =
∫
[Dϕ] exp i
(
SYM + Sgf +
∫
d4x
(
1
2
jAaµA
µa +
ς
2
j2
))
, (17)
where [Dϕ] denotes integration over all quantum fields (Aaµ, b
a, ca, ca). Taking
the functional derivative of expression (17) we obtain
δW(j)
δj
∣∣∣∣∣
j=0
=
1
2
〈
AaµA
µa
〉
. (18)
In order to deal with the term j2 we follow [9], introducing a Hubbard-
Stratonovich field σ so that
(
1
2
jAaµA
µa +
ς
2
j2
)
=
1
2
(√
ςj +
1
2
√
ς
AaµA
µa
)2
− 1
8ς
(
AaµA
µa
)2
, (19)
and
8
12
(√
ςj +
1
2
√
ς
AaµA
µa
)2
⇒ − σ
2
2g2
+
1
g
σ
(√
ςj +
1
2
√
ς
AaµA
µa
)
. (20)
As a consequence, for the functional generator W(j) we get
exp iW(j) =
∫
[Dϕ]Dσ exp i
(
S(A, σ) +
∫
d4x
√
ς
g
σj
)
, (21)
with
S(A, σ) = SYM+Sgf+
∫
d4x
(
− σ
2
2g2
+
σ
2g
√
ς
AaµA
µa − 1
8ς
(
AaµA
µa
)2)
. (22)
In particular,
δW(j)
δj
∣∣∣∣∣
j=0
=
1
2
〈
AaµA
µa
〉
=
√
ς
g
〈σ〉S(A,σ) . (23)
This is a very remarkable identity [9], stating that the condensate 〈A2〉 is
related to the nonvanishing expectation value of σ evaluated with the new
action S(A, σ). Let us proceed thus with the computation of the effective
potential for σ. We shall limit here to the one-loop order, which already
displays all the nonperturbative features of the LCO technique.
2.3 Evaluation of the one-loop effective potential
In order to compute the effective potential for σ at the one-loop order only
the quadratic part of the action S(A, σ) is relevant, namely
Squad(A, σ) = − σ
2
2g2
∫
d4x+
1
2
∫
d4xAaµMabµνAbν , (24)
with
Mabµν =
[(
∂2gµν −
(
1− 1
α
)
∂µ∂ν
)
+
σ
g
√
ς
gµν
]
δab = Aµνδab , (25)
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where σ is now a constant field and the limit α → 0 has to be taken at
the end in order to implement the Landau gauge. For the one-loop effective
potential we have
V eff(σ) =
σ2
2g2
− i
2
tr log detMabµν . (26)
From
detMabµν = (detAµν)(N
2−1) , (27)
we have
V eff(σ) =
σ2
2g2
− i (N
2 − 1)
2
tr log detAµν . (28)
Making use of the dimensional regularization and recalling that
log detAµν |α→0 = (d− 1) log
(
∂2 +
σ
g
√
ς
)
+ const. (29)
it follows
V eff(σ) =
σ2
2g2
− 1
2
(
N2 − 1
)
i
∫
ddk
(2pi)d
(d− 1) log
(
−k2 + σ
g
√
ς
)
. (30)
From
i
∫ ddk
(2pi)d
log
(
σ
g
√
ς
− k2
)
=
1
2 (4pi)2
(
σ
g
√
ς
)2 [
1
ε
− γ + 3
2
− log σ
g
√
ς4piµ2
]
(31)
the one-loop effective potential in the MS scheme is found to be
V eff(σ) =
σ2
2g2
+ h¯
3 (N2 − 1)
64pi2
(
1
g2ς
)
σ2
(
log
σ
g
√
ςµ2
− 5
6
)
, (32)
where the presence of the loop expansion parameter h¯ has been made explicit.
Let us now proceed with the evaluation of the first term of the series (7).
To this purpose we require that the effective potential V eff(σ) obeys the
renormalization group equation, namely
µ
dV eff(σ)
dµ
= 0 +O(h¯2) . (33)
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To work out this condition the knowledge of the running of the field σ is
needed. This is easily achieved with the help of the relation between σ and
〈A2〉 of eq.(23), namely 〈
A2
2
〉
=
√
ς
g
σ . (34)
A simple calculation gives
µ∂µσ = h¯
(
γ
(1)
A2 +
β(1)g
g
− 1
2
β(1)g
ς0
∂ς0
∂g
)
σ +O(h¯2) , (35)
where γ
(1)
A2 is the one-loop anomalous dimension of the local operator A
2 and,
since ς = ς(g),
µ∂µς = βg
∂ς
∂g
= h¯β(1)g
∂ς0
∂g
+O(h¯2) . (36)
¿From eq.(33) it follows that
1
ς0
=
16pi2
3 (N2 − 1)
(
2γ
(1)
A2 + 2
β(1)g
g
)
, (37)
from which one sees that ς0 is scheme independent. The explicit value of γ
(1)
A2
can be found in [9, 32, 33] and turns out to be
γ
(1)
A2 =
g2N
16pi2
35
6
. (38)
Therefore, recalling that
β(1)g = −
11N
3
g3
16pi2
, (39)
for ς0 one gets
ς0 =
1
g2
9
13
(N2 − 1)
N
, (40)
in complete agreement with [9]. This expression displays the nonperturbative
features of the LCO method [9], emphasized by the presence in eq.(40) of the
factor 1/ (g2N) .
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3 The ghost condensates
Having given a brief summary of the LCO technique for the evaluation of
〈A2〉, let us turn to the study of the ghost condensates. We shall consider
the following local composite operators
fabccbcc and fabccbcc . (41)
carrying ghost number 2 and −2, respectively.
Following now the LCO procedure, we first introduce the two operators
fabccbcc, fabccbcc in the starting action by means of a set of external sources
(La, τa, ηa) transforming as
sηa = τa , (42)
sτa = 0 ,
sLa = 0 .
The quantum numbers of (La, τa, ηa) are displayed in the following table
La τa ηa
Gh. number −2 2 1
Dimension 2 2 1
(43)
Notice also that the sources (τa, ηa) form a BRST doublet. Moreover, ac-
cording to the algebraic renormalization, the BRST invariant source La is
needed to define the nonlinear variation of the ghost ca, which is
(
gfabccbcc
)
/2.
In the present case, the BRST invariant part of the action depending on the
external sources (La, τa, ηa) reads
SLCO = s
∫
d4x
(
Laca − g
2
ηafabccbcc + ςηaLa
)
(44)
=
∫
d4x
(
La
g
2
fabccbcc − g
2
τafabccbcc + gηafabcbbcc + ςτaLa
)
,
where, as before, ς is a dimensionless parameter which will be fixed later
on by demanding the compatibility with the renormalization group equa-
tions. Notice also that the presence of the term τaLa is allowed by the power
counting. For the complete action Σ we have now
12
Σ = SYM + Sm + Sgf + SLCO + Sext , (45)
where Sm stands for the fermionic matter action, which we include for com-
pleteness
Sm =
∫
d4xψ
iI
iγµ(∂µδ
IJ − igAaµT aIJ)ψiJ , (46)
where T aIJ are the generators of SU(N) in the fundamental representation,
and 1 ≤ i ≤ nf gives the number of fermions. Also, for the BRST transfor-
mations of the matter fields we have
sψiI = −igcaT aIJψiJ , (47)
sψ
iI
= −igψiJT aJIca ,
sSm = 0 .
Finally, introducing external sources Ωaµ, Y
iI
, Y iI , coupled to the nonlinear
variations of the fields Aaµ, ψ
iI and ψ
iI
, the external part of the complete
action (45) reads
Sext =
∫
d4x
[
Ωaµ
(
sAaµ
)
+ Y
iI
(
sψiI
)
+
(
sψ
iI
)
Y iI
]
. (48)
It turns out that Σ is constrained by the following identities:
• the Slavnov-Taylor identity
S(Σ) = 0 , (49)
S(Σ) =
∫
d4x
[
δΣ
δAaµ
δΣ
δΩaµ
+
δΣ
δψ
iI
δΣ
δY iI
+
δΣ
δY
iI
δΣ
δψiI
+
(
δΣ
δLa
− ςτa
)
δΣ
δca
+ ba
δΣ
δca
+ τa
δΣ
δηa
]
. (50)
• the Landau gauge condition and the antighost equation
δΣ
δba
= ∂µA
µa − gfabcηbcc , (51)
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δΣ
δca
+ ∂µ
δΣ
δΩaµ
= gfabcτ bcc − gfabcηbbc . (52)
Notice that both the Landau gauge condition and the antighost equa-
tion gets modified by terms which are linear in the quantum fields,
representing therefore classical breakings.
• the modified linearly broken integrated ghost equation Ward identity
∫
d4x
(
δΣ
δca
+ gfabccb
δΣ
δbc
+ gfabcηb
δΣ
δτ c
)
= ∆acl , (53)
where ∆acl is the classical breaking
∆acl = g
∫
d4x
[
fabc
(
ΩbµAcµ − Lbcc + ςηbLc
)
− iY iT aψi + iψiT aY i
]
(54)
Repeating now the same procedure as before, it is not difficult to prove
that the complete action Σ is stable with respect to radiative corrections. In
other words Σ is the most general action compatible with the Ward identi-
ties defining the model, up to a multiplicative renormalization of the fields,
sources, the gauge coupling g and the parameter ς. In particular, concerning
the allowed counterterms depending on the external sources (La, τa, ηa), it
follows that the antighost equation (52) and the ghost Ward identity (53)
imply the absence of counterterms of the type Lafabccbcc, τafabccbcc and
ηafabcbbcc [31, 29, 33]. The only allowed counterterm in the external sources
(La, τa, ηa) is given by τaLa. This counterterm corresponds to the renormal-
ization of the LCO parameter ς, stemming from the logarithmic divergences
of the vacuum correlator 〈c2(x)c2(y)〉.
3.1 The effective potential for
〈
f abccbcc
〉
and
〈
f abccbcc
〉
We can now begin the discussion of the effective potential for the local ghost
operators fabccbcc and fabccbcc. Let us start with the generating functional
W(L, τ). Setting thus to zero the external sources Ωaµ, ηa, Y iI , Y iI we have
exp iW(L, τ) =
∫
[Dϕ] exp i (SYM + Sm + Sgf) (55)
× exp i
[∫
d4x
(
La
gfabccbcc
2
− τa gf
abccbcc
2
+ ςτaLa
)]
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where [Dϕ] denotes integration over all quantum fields (Aaµ, b
a, ca, ca, ψiJ , ψ
iJ
).
Taking the functional derivative of expression (55) we obtain
δW(L, τ)
δLa
∣∣∣∣∣
L,τ=0
=
〈
g
2
fabccbcc
〉
, (56)
and
δW(L, τ)
δτa
∣∣∣∣∣
L,τ=0
= −
〈
g
2
fabccbcc
〉
. (57)
In order to deal with the quadratic term τaLa we introduce a pair of Hubbard-
Stratonovich fields (σa, σa ) in the adjoint representation
σa σa
Gh. number 2 −2
Dimension 2 2
(58)
so that
La
g
2
fabccbcc − g
2
τafabccbcc + ςτaLa ⇒ Lσσ (59)
where
Lσσ = − 1
g2
σaσa +
σa
g
√
ς
(
g
2
fabccbcc
)
+
√
ς
g
σaτa (60)
− σ
a
g
√
ς
(
g
2
fabccbcc
)
+
√
ς
g
σaLa +
1
ς
(
g
2
fabccbcc
)(
g
2
fadecdce
)
.
With the introduction of the auxiliary fields (σa, σa ), the generating func-
tional W(L, τ) becomes
exp iW(L, τ) =
∫
[Dϕ]DσDσ exp i
[
S(A, σ, σ) +
∫
d4x
√
ς
g
(σaLa + σaτa)
]
,
(61)
with
S(A, σ, σ) = SYM + Sm + Sgf +
∫
d4x
(
− 1
g2
σaσa +
σa
g
√
ς
g
2
fabccbcc
− σ
a
g
√
ς
(
g
2
fabccbcc
)
+
1
ς
(
g
2
fabccbcc
)(
g
2
fadecdce
))
.
(62)
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As in the case of the gauge condensate 〈A2〉 , differentiating W(L, τ) with
respect to L and τ, one obtains
δW(L, τ)
δLa
∣∣∣∣∣
L,τ=0
=
√
ς
g
〈σa〉S(A,σ,σ) , (63)
δW(L, τ)
δτa
∣∣∣∣∣
L,τ=0
=
√
ς
g
〈σa〉S(A,σ,σ) ,
so that
〈σa〉 = g
2
2
√
ς
〈
fabccbcc
〉
, 〈σa〉 = − g
2
2
√
ς
〈
fabccbcc
〉
. (64)
We see that the ghost condensates are related to the nonvanishing vacuum
expectation value of σa, σa evaluated with the effective action S(A, σ, σ) of
equation (62) . Let us proceed thus with the evaluation of the one-loop ef-
fective potential for σa, σa. To this order it is sufficient to consider only the
terms of the action (62) which depend quadratically on the ghost fields ca, ca,
namely
Squadcc =
∫
d4x
(
− 1
g2
σaσa + ca∂2ca +
σa
2
√
ς
fabccbcc − σ
a
2
√
ς
fabccbcc
)
=
∫
d4x
[
− 1
g2
σaσa +
1
2
(
ca ca
)
Mab
(
cb
cb
)]
, (65)
where Mab denotes the (N2 − 1)× (N2 − 1) matrix
Mab =
( − 1√
ς
σcf cab ∂2δab
−∂2δab 1√
ς
σcf cab
)
. (66)
For the one-loop effective potential we get
V eff(σ, σ) =
1
g2
σaσa +
i
2
tr log detMab, (67)
where σa, σa have to be considered constant fields. Let us focus on the case
of SU(2). In that case fabc = εabc (ε123 = 1), and Mab is a 6 × 6 matrix.
After a straightforward computation one has
V eff(σ, σ) =
1
g2
σaσa + i
∫ ddk
(2pi)d
log
((
k2
)2
+
σaσa
ς
)
. (68)
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¿From
∫
ddk
(2pi)d
log
((
k2
)2
+ ϕ2
)
=
i
32pi2
ϕ2
(
−1
ε
− 2γ + 2 log 4pi − log ϕ
2
µ4
+ 3
)
,
(69)
the effective potential in the MS scheme is found to be
V eff(σ, σ) =
1
g2
σaσa +
1
32pi2
1
ς0
σaσa
(
ln
σaσa
ς0µ4
− 3
)
. (70)
The minimum of the effective potential (70) is given by the condition
σaminσ
a
min = ς0µ
4e2 exp
(
−32pi
2ς0
g2
)
, (71)
which, up to one-loop order, is physically consistent for ς0 > 0. Setting
σa = σδa3 , σa = σδa3 , (72)
we obtain
V eff(σ, σ) =
1
g2
σσ + h¯
1
32pi2
1
ς0
σσ
(
ln
σσ
ς0µ4
− 3
)
. (73)
Let us now evaluate ς0. The first step is to obtain the running of the fields σ,
σ. This task is easily accomplished by recalling that, in the Landau gauge,
the Faddeev-Popov ghosts renormalize as [31, 33]
cb = Z
1/2
c c , (74)
cb = Z
1/2
c c
with
Zc = Z
−1
g Z
−1/2
A (75)
where
gb = Zgg , Ab = Z
1/2
A A . (76)
where the gb, Ab, cb, cb denote the bare coupling constant and fields. From
the absence [31, 33] of the counterterms Lafabccbcc, τafabccbcc it follows
Lbgbc
2
b = Lgc
2 , (77)
τbgbc
2
b = τgc
2 ,
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so that
Lb = Z
1/2
A L , γL = γA (78)
τb = Z
1/2
A L , γτ = γA ,
where γA is the anomalous dimension of the gauge field A
a
µ. Therefore, mak-
ing use of the equations (64), for the running of σ, σ we find
µ∂µσ = h¯
(
γ
(1)
A +
β(1)g
g
− 1
2
β(1)g
ς0
∂ς0
∂g
)
σ +O(h¯2) , (79)
µ∂µσ = h¯
(
γ
(1)
A +
β(1)g
g
− 1
2
β(1)g
ς0
∂ς0
∂g
)
σ +O(h¯2) .
Requiring now the renormalization group invariance of the effective potential
V eff(σ, σ), namely
µ
dV eff(σ, σ)
dµ
= 0 +O(h¯2) , (80)
for the coefficient ς0 one obtains
1
8pi2
1
ς0
=
2
g2
γ
(1)
A . (81)
Finally, recalling that in the case of SU(2) [32]
β(1)g = −
(
22
3
− 2
3
nf
)
g3
16pi2
, (82)
γ
(1)
A =
(
−13
3
+
2
3
nf
)
g2
16pi2
, (83)
it follows from (83) that
1
ς0
=
(
2nf − 13
3
)
, (84)
completing therefore the evaluation of the one-loop effective potential for the
ghost condensates. A few remarks are now in order.
• By combining the LCO technique with the BRST algebraic renormal-
ization we have been able to obtain the one-loop effective potential
for the ghost condensates. By construction, the effective potential
V eff(σ, σ) obeys the renormalization group equation.
• From the equations (82), (83) we observe that when the number of
fermions nf is chosen so that
6 < nf < 11 , (85)
we get a positive value for ς0, while keeping βg < 0, so as to ensure
asymptotic freedom. This result gives an evidence for the existence of
these condensates. We also observe that even for nf ≤ 6 the effective
potential V eff(σ, σ) seems to admit a nonvanishing minimum. However,
in this case higher loops contributions are needed in order to obtain a
deeper understanding of that minimum [34].
• In the present work we have considered the charged ghost polynomi-
als fabccbcc and fabccbcc. The same procedure could have been applied
to study the ghost polynomial fabccbcc, which has vanishing Faddeev-
Popov charge. As underlined in [17], these operators correspond to dif-
ferent channels for the ghost condensation, being related to the genera-
tors of the global symmetry SL(2, R) present in the Landau gauge. It is
worth mentioning that the existence of different channels for the ghost
condensation has an analogy in superconductivity, known as the BCS2
versus the Overhauser3 effect [35]. In the present case the Faddeev-
Popov charged condensates
〈
fabccbcc
〉
,
〈
fabccbcc
〉
would correspond to
the BCS channel, while
〈
fabccbcc
〉
to the Overhauser channel. Although
our aim here is that of showing how to construct the effective potential
for the ghost condensation in the Landau gauge, we remark that both
channels could be studied simultaneously in order to decide which one
has the lowest energy [34].
• Finally, let us give the ghost propagators in the condensed vacuum,
namely
〈
cα(p) cβ(−p)
〉
= −i p
2 δαβ
(p2)2 + v4
, α, β = 1, 2
〈
c3(p) c3(−p)
〉
= − i
p2
. (86)
2Particle-particle and hole-hole pairing.
3Particle-hole pairing.
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where
v4 =
σminσmin
2ς0
(87)
One see thus that the off-diagonal propagators get deeply modified
in the infrared region, the ghost condensation σminσmin providing the
infrared cutoff.
4 Conclusion
In this work the one-loop effective potential for the ghost condensates 〈cc〉
and 〈cc〉 has been obtained in the Landau gauge by combining the local com-
posite operators technique (LCO) with the BRST algebraic renormalization.
Our results might signal a deeper physical meaning of these condensates,
which have been proven to exist in other gauges [13, 14, 15, 25, 26, 27]. The
existence of nonvanishing ghost condensates in the Landau gauge can also be
justified by symmetry breaking considerations. Although the Landau gauge
does not possess a quartic ghost self-interaction, it shares an important fea-
ture with the nonlinear gauge considered in [25, 26, 27]. Both gauges display
indeed a global SL(2, R) symmetry [36], present in SU(N) Yang-Mills for
any value of N . It is very interesting to point out that the SL(2, R) sym-
metry is also present in the maximal Abelian gauge in the case of SU(2), as
underlined by [13]. Recent investigations have proven that SL(2, R) is indeed
present in this gauge for a generic SU(N) [17]. Therefore, the existence of
ghost condensates in these gauges can be seen as the manifestation of a very
general feature, i.e. the dynamical symmetry breaking of SL(2, R).
As one can see from the expressions (86), the ghost condensates modify
the behavior of the propagator in the infrared region. Recent lattice simu-
lations for the propagator in the Landau gauge are nicely reproduced by a
form factor F (p2) whose infrared behavior is given by [1]
∑
µa
〈
Aaµ(p)A
a
µ(−p)
〉
=
F (p2)
p2
, (88)
with
F (p2) = N p
2
p2 +m21
[
1
p4 +m42
+
s
(log (m2L + p
2))
13/22
]
, (89)
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where N , s, m1, m2 and mL are fitting parameters [1] whose values are
N = 8.113, s = 0.32, m1 = 0.64 GeV, m2 = 1.31 GeV and mL = 1.23 GeV.
Although a fully theoretical analytic derivation of this behavior is still lack-
ing, it is tempting to argue that both the gauge 〈A2〉 and the ghost con-
densates 〈cc〉 , 〈cc〉 , 〈cc〉 could give some useful insights in order to improve
our knowledge of the infrared region. Needless to say, the gauge and the
ghost propagators mix nontrivially in the Schwinger-Dyson equations for the
Landau gauge.
Finally, we point out that the LCO technique can be combined with
the BRST algebraic renormalization to provide a powerful framework for
analysing the quantum properties of local composite operators. Particular
attention will be devoted to the condensate
(
1
2
〈AA〉 − ξ 〈cc〉
)
in the maximal
Abelian gauge. This condensate is BRST on-shell invariant and it is expected
to provide effective masses for both off-diagonal gauge and ghost fields [24,
16], a point of great relevance for the Abelian dominance.
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